Abstract. In this paper we study spectral stability of the∂-Neumann Laplacian under the Kohn-Nirenberg elliptic regularization. We obtain quantitative estimates for stability of the spectrum of the∂-Neumann Laplacian when either the operator or the underlying domain is perturbed.
Introduction
The ∂-Neumann Laplacian q on a bounded domain Ω in C n is (a constant multiple of) the usual Laplacian acting diagonally on (p, q)-forms with the ∂-Neumann boundary condition. It is the archetype of an elliptic operator with non-coercive boundary condition. Subelliptic estimates for the ∂-Neumann Laplacian on smoothly bounded strongly pseudoconvex domains in C n was established by Kohn [Ko63] (see [DK99] for an exposition on related subjects). One difficulty in studying non-coercive boundary value problems is to show that a priori estimates of derivatives imply that these derivatives exist and the same estimates hold without prior regularity assumptions. Elliptic regularization was introduced by Kohn and Nirenberg [KN65] to resolve this difficulty. By adding a positive constant t multiple of an elliptic operator to the ∂-Neumann Laplacian, the ∂-Neumann problem is converted into a coercive elliptic problem for which existence of the derivatives is well known. One then obtains bona fide estimates from a priori ones by taking t → 0 + , provided the desired estimates are uniform in t.
Spectral stability for the classical Dirichlet and Neumann Laplacians on domains in R n has been studied extensively in the literatures (see, e.g., [F99, D00, BL08] and references therein). Less is known of spectral stability for the ∂-Neumann Laplacian. In [FZ19] , we studied spectral stability of the∂-Neumann Laplacian q on a bounded domain Ω in C n as the underlying domain is perturbed. We established upper semi-continuity properties for the variational eigenvalues of the∂-Neumann Laplacian on bounded pseudoconvex domains, lower semi-continuity properties on pseudoconvex domains that satisfy Catlin's property (P ), and quantitative estimates on smooth bounded pseudoconvex domains of finite type in the sense of D'Angelo. In this paper, we consider the perturbation t q of the ∂-Neumann Laplacian introduced by Kohn and Nirenberg [KN65] 
in their elliptic
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Unlike the classical Dirichlet or Neumann Laplacian, the spectrum of the ∂-Neumann Laplacian need not be purely discrete (see [FS01] for an exposition on the subject). There are several ways to measure spectral stability under this circumstance. Here our focus is on stability of the variational eigenvalues defined by the min-max principle and convergence of the operators in resolvent sense (see Section 2 below for the precise definitions). When the spectrum is purely discrete, the variational eigenvalues are indeed eigenvalues, arranged in increasing order and repeated according to multiplicity. Let λ q k (Ω) be the k th -variational eigenvalues of the ∂-Neumann Laplacian q on (0, q)-forms, 1 ≤ q ≤ n − 1, on Ω. Let λ t,q k (Ω) be the k th -eigenvalue of t q . Our first result concerns spectral stability of t q as t → 0 + (see Theorem 3.2 and Theorem 3.3 in Section 3): Theorem 1.1. Let Ω be a bounded domain in C n with C 2 boundary. Let 1 ≤ q ≤ n − 1 and k ∈ N. Then t q converges to q in strong resolvent sense as t → 0 + and (1.1) lim
Furthermore, if Ω is strongly pseudoconvex with smooth boundary, then t q converges to q in norm resolvent sense and if Ω is pseudoconvex of finite type in the sense of D'Angelo, then there exist positive constants α ∈ (0, 1/2] and C independent of t and k such that
where [1/2α] is the integer part of 1/2α.
Our next result is about spectral stability of the Kohn-Nirenberg elliptic regularization operator t q as the underlying domain Ω is perturbed. Perturbation of the domain is measured in the C 2 -topology. Our main result in this direction is the following quantitative estimate: Theorem 1.2. Let Ω and Ω j be smooth bounded pseudoconvex domains in C n with normalized defining functions r and r j respectively. Assume that C ∞ -norms of r j are uniformly bounded on Ω j . Let δ j = r − r j C 2 be the C 2 -norm over Ω ∪ Ω j . Let 1 ≤ q ≤ n − 1, 0 < t < 1 and k ∈ N. Then there exist positive constants δ and C k such that
This paper is organized as follows. In Section 2, we recall the spectral theoretic setup of the ∂-Neumann Laplacian q and the Kohn-Nirenberg elliptic regularization t q . In Section 3, we study spectral stability of t q as t → 0 + and prove Theorem 1.1. In Section 4, we study spectral stability of t q as the underlying domain is perturbed and prove Theorem 1.2. Throughout this paper, we will use C to denote constants which might not be the same in different appearances.
Preliminary
In this section, we review the setup for the∂-Neumann Laplacian (cf. [FK72, CS99] ) and the elliptic regularization of the∂-Neumann Laplacian( [KN65] , see also [T96, S10] ). We define them through their associated quadratic form.
Let Ω be a bounded domain in C n and let L 2 (0,q) (Ω) be the space of (0, q)-forms with L 2 -coefficients on Ω with respect to the standard Euclidean metric. Let
if and only if
on ∂Ω, where r is a defining function of ∂Ω such that |∇r| = 1 on ∂Ω and
is the dual (0, 1)-vector field of ∂r and denotes the contraction operator. We decompose u = u τ + u ν into the tangential part and normal part where
When Ω is pseudoconvex, then it follows from Hörmander's L 2 -estimates for the ∂-equation that q has a bounded inverse
We now review the elliptic regularization in the setting of the ∂-Neumann problem ( [KN65] ). Let Ω be a bounded domain in C n . For t > 0, let
, where the gradient operator ∇ acts componentwise. (Hereafter, we use W s (0,q) (Ω) to denote the space of (0, q)-forms with coefficients in the L 2 -Sobolev space of order s. The associated norm is denoted by either · W s or · s .) Then Q t q is a densely defined, closed sesquilinear form on L 2 (0,q) (Ω). Let t q be the self-adjoint operator associated with Q t q . This is an elliptic operator with coercive boundary condition. It was introduced by Kohn and Nirenberg to study non-coercive boundary problems such as the ∂-Neumann problem. For abbreviation, we will call the operator t q the Kohn-Nirenberg Laplacian. When ∂Ω is C 2 -smooth, then a form u ∈ C 2 (0,q) (Ω) belongs to Dom( t q ) if and only if u ∈ Dom(∂ * q−1 ) and (∂r)
* ∂ q u + t ∂u ∂ν on Ω respectively, which are defined by min-max principle as follows:
where the infima take over all linear k-dimension subspaces of Dom(Q q ) and Dom(Q t q ) respectively. Recall that the spectrum of a non-negative self-adjoint operator S is purely discrete if and only if the variational eigenvalues λ k (S) defined as above goes to ∞ as k → ∞. In this case, λ k (S) is the k th -eigenvalue of S when the eigenvalues are arranged in increasing order and repeated according to multiplicity (see [D95, Chapter 4]). We collect some elementary properties of the Kohn-Nirenberg Laplacian in the following proposition:
Proposition 2.1. Let Ω be a bounded domain in C n . Let k be a positive integer and let
where λ N k (Ω) and λ D k (Ω) are respectively the k th variational eigenvalues of the Neumann and Dirichlet Laplacians. Furthermore, if ∂Ω is C 1 -smooth, then t q has purely discrete spectrum and its first eigenvalue satisfies
. As a consequence, N t q = ( t q ) −1 is compact and satisfies
for some constant C independent of t.
Proof. The inequality (2.5) is a consequence of the min-max principle in the definition of the variational eigenvalues and the fact that
The quantity on the left-hand side is the K th -variational eigenvalues of the Neumann Laplacian acting componentwise on (0, q)-forms. We then obtain the first inequality in (2.6). Note that here we have used the fact that a (0, q)-form in C n has n!/q!(n − q)! many components.
The second inequality in (2.6) follows similarly from the fact that
is the completion of the space of smooth, compactly supported (0, q)-
Thus t q has compact resolvent and its spectrum is purely discrete. The smallest eigenvalue λ t,q 1 (Ω) of t q must be positive. Otherwise, if λ t,q 1 (Ω) = 0, then the corresponding eigenform u satisfies ∇u = 0 and the ∂-Neumann boundary condition u ∈ Dom(∂ * ). Therefore u has constant coefficients. Since ∂Ω is C 1 -smooth, there are points on the boundary where only one of the partial derivatives ∂ρ/∂z j , 1 ≤ j ≤ n, of a defining function ρ of Ω is nonzero. (One can consider, for example, the points furthest from a coordinate hyperplane.) By applying the ∂-Neumannn boundary condition to u on these points, we then conclude that the coefficients of u must be all identically 0, which leads to a contradiction.
we have λ t,q 1 (Ω) ≥ C min{t, 1} where C > 0 is the smallest eigenvalues of t 0 q with t 0 = 1. Inequality (2.8) is then a consequence of the above inequality.
Remark 1.
When Ω is pseudoconvex, it follows from Hörmander's L 2 -estimates for the ∂-operator that Let S i , i = 1, 2, be non-negative self-adjoint operators on Hilbert spaces with associated quadratic forms Q i . One way to estimate the difference of variational eigenvalues of S 1 and S 2 is to construct a transition operator T : Dom(Q 1 ) → Dom(Q 2 ) and estimate the differences between f, g 1 and T f, T g 2 and between Q 1 (f, g) and Q 2 (T f, T g) for any f, g ∈ Dom(Q 1 ). The following simple well-known lemma is useful (see, e.g.,
Remark 2. Condition (2.12) in Lemma 2.2 can be replaced by the following:
. We refer the reader to [FZ19] for a proof of Lemma 2.2.
Spectral stability can also be studied from the perspective of resolvent convergence. Let T j and T be self-adjoint operators on Hilbert space H. Recall that T j is said to converge to T in norm resolvent sense if for all λ ∈ C \ R, the resolvent operator R λ (T j ) = (T j − λI) −1 converges to R λ (T ) = (T −λI) −1 in norm and T j is said to converge to T in strong resolvent sense if R λ (T j ) converges strongly to R λ (T ). It is well known that if T j converges to T in norm resolvent sense, then for any λ ∈ σ(T ), λ ∈ σ(T j ) for sufficiently large j, and if T j converges to T in strong resolvent sense, then for any λ ∈ σ(T ), there exist λ j ∈ σ(T j ) so that λ j → λ. We refer the reader to [RS80, §VIII.7] for relevant material.
Spectral stability under the elliptic regularization
In this section, we study spectral stability of the Kohn-Nirenberg Laplacian t q as t → 0 + . We obtain quantitative estimates for the difference between λ q k (Ω) and λ t,q k (Ω) when Ω is a smooth bounded pseudoconvex domain of finite type in the sense of D'Angelo. We also study the convergence of t q in resolvent sense as t → 0 + . A notion of finite type was introduced by D'Angelo [Dan82] in connection with subelliptic theory of the ∂-Neumann Laplacian. Roughly speaking, the D q -type of a smooth bounded domain Ω is the maximal order of contact of ∂Ω with any q-dimensional complex analytic variety. (We refer the readers to [Dan82, Dan93, DK99] for the precise definition.) Catlin [Ca83, Ca87] showed that a smooth bounded pseudoconvex domain Ω is of finite D q -type if and only if there exist constants 0 < α ≤ 1/2 and C > 0 such that the following subelliptic estimate holds:
. The constant α is usually referred to as the order of subellipticity for the ∂-Neumann Laplacian and it is equal to 1/2 when Ω is strongly pseudoconvex. The following lemma is a direct consequence of Catlin's theorem. 
]+1 u . Proof. From above-mentioned work of Catlin, we know that there exist constants α ∈ (0, 1/2] and C s > 0 such that
Starting with s = 0 and repeatedly applying (3.4) to Ω u = λ(Ω)u, we obtain (3.2). The estimate (3.3) is then an immediate consequence of the Sobolev embedding theorem.
Recall that C 1 (0,q) (Ω) ∩ Dom(∂ * q−1 ) is dense in Dom(Q q ) in the graph norm
when ∂Ω is C 2 -smooth (see, e.g., [CS99, Lemma 4.3.2]). Thus Dom(Q t q ) is also dense in Dom(Q q ) in the graph norm. We will use this fact in proving the following Theorem: Theorem 3.2. Let Ω be a bounded domain in C n with C 2 -smooth boundary. Let 1 ≤ q ≤ n − 1 and k ∈ N. Then (3.5) lim
Furthermore, if Ω is a smooth bounded pseudoconvex domain of finite D q -type, then there exist positive constants α ∈ (0, 1/2] and C independent of t or k such that
Proof. On the one hand, from Proposition 2.1 we know that λ
Letting t → 0 + , we then have lim sup
(Ω) and hence (3.5). Under the pseudoconvexity and finite type assumptions, the spectrum of q is purely discrete. Let u l be eigenforms associated with eigenvalues λ
It follows from Lemma 3.1 and the Cauchy-Schwarz inequality that there exist constants α ∈ (0, 1/2] and C > 0 such that
This concludes the proof of Theorem 3.2.
We now study the resolvent convergence of the Kohn-Nirenberg Laplacian t q as t → 0 + . Our result is as follows. Proof. Let Q q (u, v) = Q q (u, v) + u, v and let
It follows that
Letting t → 0 + and then ε → 0 + , we then conclude that R t q u − R q u → 0 as t → 0 + .
When Ω is pseudoconvex, the spectra of t q and q are both contained in the interval [q/eD 2 , ∞), where as before D is the diameter of Ω ( [H65] ; see also, e.g., [CS99, Theorem 4.4.1]). Thus in this case, it suffices to consider the convergence of the ∂-Green operator N t q (see, e.g., [RS80, Theorem VIII.9]). When Ω is strongly pseudoconvex with smooth boundary, from Kohn's subelliptic estimate we know that there exists a constant C > 0 such that FK72] ). Thus N q u ∈ Dom(Q t q ) and we have
Hence N t q converges to N q in norm as t → 0 + .
Remark 3. One cannot expect that t q converges to q in norm resolvent sense if Ω is only assumed to be weakly pseudoconvex with smooth boundary. For example, if ∂Ω contains an (n − 1)-dimensional complex analytic variety, then by Proposition 2.1, N t q is compact but N q is not (see [FS01] ). Hence N t q cannot converge to N q in norm.
Spectral stability under domain perturbation
Our aim in this section is to establish a quantitative estimate for |λ
and Ω 2 are smooth bounded domains in C n that are sufficiently close to each other. The key is to construct a transition operator T form Dom(Q t q,Ω 1
(u, u)| is controlled by the closeness between Ω 1 and Ω 2 . (Here we use Q t q,Ω to denote the quadratic form associated with t q acting on (0, q)-forms on Ω. To economize the notation, we will sometimes drop the subscript q when doing so causes no confusion.) Since Dom(
the restriction of a form from Dom(Q t Ω ) no longer belongs to Dom(Q t U ) where U is a subdomain of Ω. Additionally, the extension of a form from Dom(Q t Ω ) to zero outside Ω does not make it belong to Dom(Q t V ) where V is a larger domain containing Ω. As in [FZ19] , we overcome these difficulties by decomposing u ∈ Dom(Q t Ω ) into the tangential and normal components and treat them separately. The tangential component is dealt with as in the case of the Neumann Laplacian while the normal component is handled as in the case of the Dirichlet Laplacian.
We now elaborate on how to measure the closeness between domains. Let Ω be a bounded domain in C n with C m -smooth boundary (2 ≤ m ≤ ∞). A real valued function r ∈ C m (C n ) is said to be a defining function of Ω if r < 0 on Ω, r > 0 on C n \ Ω, and |∇r| = 0 on ∂Ω. The defining function is normalized if |∇r| = 1 on ∂Ω. Let ρ be the signed distance function of Ω such that ρ(z) = − dist(z, ∂Ω) when z ∈ Ω and ρ(z) = dist(z, ∂Ω) when z ∈ C n \ Ω. It is well known that there is a neighborhood U of ∂Ω such that ρ ∈ C m (U ) (see [KP81] ). It follows that for any normalized defining function r(z) of Ω, we have r(z) = h(z)ρ(z) for some positive function h ∈ C m−1 (U ) such that h = 1 on ∂Ω. For δ > 0, let
Let Ω j be a bounded domain in C n with C m -smooth boundary. Let r j be a normalized defining function for Ω j . The closeness between Ω and Ω j will be measured by δ j = r − r j C 2 , the C 2 -norm of r − r j over Ω ∪ Ω j . Note that for any a > 1,
provided δ j is sufficiently small. Furthermore, the signed distance function ρ j of Ω j is C m on some neighborhood U of ∂Ω (see [Fe59, Lemma 4 .11] and [KP81, Theorem 3]).
We first establish some auxiliary estimates. It follows from the elliptic theory that u s+2 ≤ C t t u s on a smooth bounded pseudoconvex domain (see [S10, Proposition 3.5]). The following lemma is a quantitative version of this result. Throughout this section, we will assume that 0 < t < 1, 1 ≤ q ≤ n − 1 and n is a positive integer.
Lemma 4.1. Let Ω be a smooth bounded domain in C n . Let s be a non-negative integer. Then there exists a constant C > 0 independent of t such that
for all u ∈ Dom( t q ) with t q u ∈ W s (0,q) (Ω). Moreover, if Ω is pseudoconvex, then the above estimate can be improved as follows:
Proof. The proof follows the same line of arguments as in the proof of Proposition 3.5 in [S10] . One just needs to keep track of the constants. We provide the details for the proof of (4.1). By Proposition 2.1, we have
where the constant C > 0 is independent of t. Hence
It follows from (2.8) that u ≤ (C/t) t u . Therefore
It suffices to prove (4.1) when u is supported in a special boundary chart. The general case is obtained by a partition of unity argument. Let (t 1 , . . . , t 2n−1 , r) be a local special coordinate chart near a boundary point where r is a defining function of Ω and (t 1 , · · · , t 2n−1 ) are coordinates on the boundary. Denote by D h j , 1 ≤ j ≤ 2n − 1, the difference quotient with respect to t j , acting on forms coefficientwise in a special boundary frame associated to special boundary chart. Note that D h j preserves Dom(∂ * ). For any (0, q)-form v ∈ Dom(Q t ), we have
Substituting v by D h j u in the above estimate, we obtain
where ∇ T denotes the gradient with respect to the tangential coordinates (t 1 , · · · , t 2n−1 ). We now estimate the full Sobolev norm. Note that
when u ∈ Dom( t ). Writing ∆ in terms of tangential and normal derivatives in the local coordinates, we obtain
where ∂ ∂ν is the normal derivative. Consequently,
Thus (4.1) holds for s = 0. We proceed with the inductive step. Assume that (4.1) holds for s. Then (4.8)
By the same arguments proceeding (4.7), we then establish (4.1) for s + 1.
When Ω is pseudoconvex, from Hörmander's L 2 -estimate, we have u ≤ C t u . Using this instead of (2.8), we obtain (4.9)
Note that in this case, the constants in (4.9) and (4.3) depends only on the diameter of Ω and q. The rest of the proof follows from the same lines except with different exponents of t. This concludes the proof of Lemma 4.1.
Lemma 4.2. Let Ω be a smooth bounded domain in C n . Let u be an eigenform of t with associated eigenvalue λ t (Ω). Let l be a non-negative integer. Then there exists a constant C > 0 independent of t such that
where [(n + l)/2] as before denotes the integer part of (n + l)/2. Furthermore, if Ω is pseudoconvex, then
Proof. This is a direct consequence of Lemma 4.1 and the Sobolev embedding theorem. We provide only the proof for (4.11).
For u ∈ Dom( t ), from (4.1) with s = 0, we have u W 2 ≤ C t 3/2 t u = C t 3/2 λ t (Ω) u .
Thus u ∈ W 2 (0,q) (Ω) and t u = λ t (Ω)u ∈ W 2 (0,q) (Ω). From (4.1) with s = 2, we obtain
Repeating this process, we obtain u ∈ W 2m (0,q) (Ω) and u W 2m (Ω) ≤ C t (2 2m −1)/2 (λ t (Ω)) m u , m ∈ N.
The desired inequality (4.11) is then an immediate consequence of Sobolev embedding theorem.
Let Ω be a pseudoconvex domain in C n with C m -smooth boundary (m ≥ 2). Let r(z) be a normalized defining function of Ω. Then |∇r(z)| = 1 on ∂Ω. Let z ′ ∈ ∂Ω and let U ′ ⊂ U be a tubular neighborhood of z ′ such that |∇r(z) − ∇r(z ′ )| < 1/2 when z ∈ U ′ and Ω ± δ = {z ∈ C n | r(z) < ±δ}.
Shrinking U ′ if necessary, then for sufficiently small δ > 0, we have z − 2δ #» n (z ′ ) ∈ Ω for all z ∈ U ′ ∩ Ω + δ and z + 2δ #» n (z ′ ) ∈ Ω for all z ∈ U ′ \ Ω
for all z ∈ U ′ ∩ Ω + δ . We choose a finite covering {V l } m l=0 of Ω such that V 0 ⊂⊂ Ω and each V l , 1 ≤ l ≤ m, is a tubular neighborhood about some z l ∈ ∂Ω constructed as above. Write #» n l = #» n (z l ). We then have
smooth up to the boundary. We first estimate T j u t h , T j u t
We remark that in the above theorem, we need only Ω to be C n+3 -smooth. To complete the proof of Theorem 1.2, it remains to establish the estimate in the opposite direction: (4.23) λ t,q k (Ω) ≤ λ t,q k (Ω j ) + C k δ j t 2 n+3 −1 . The proof of (4.23) is similar to that of (4.16). In this case, the transition operator is from Dom(Q t Ω j ) to Dom(Q t Ω ) and one need to make sure that the constants in the proofs are independent of j. Note that the constants in Lemma 4.1 and Lemma 4.2 depend only on the diameter of Ω and the C ∞ -norm of a defining function of Ω. (In fact, only derivatives up to (n+3) th -order of the defining function have been used in the proofs.) The assumption that the C ∞ -norm of the defining function r j is uniformly bounded guarantees that the constants in the proofs of Lemma 4.1, Lemma 4.2, and Theorem 4.3 are indeed independent of j when the roles of Ω j and Ω are reversed (see the proof of Theorem 5.6 in [FZ19] for related arguments). We leave the details to the interested reader.
